It is well-known that some nonlinear phenomena such as strong photon blockade are hard to be observed in optomechanical system with current experimental technology. Here, we present a coherent feedback control strategy in which a linear cavity is coherently controlled by an optomechanical controller in a feedback manner. The coherent feedback loop transfers and enhances quantum nonlinearity from the controller to the controlled cavity, which makes it possible to observe strong nonlinear effects in either linear cavity or optomechanical cavity. More interestingly, we find that the strong photon blockade under single-photon optomechanical weak coupling condition could be observed in the quantum regime. Additionally, the coherent feedback loop leads to two-photon and multiphoton tunnelings for the controlled linear cavity, which are also typical quantum nonlinear phenomenon. We hope that our work can give new perspectives in engineering nonlinear quantum phenomena.
servation of quantum effects in the mescoscopic and macroscopic scales [30] . The optomechanical system can also be used to build sensitive mass, force and displacement detectors [31] , and the hardware for realizing quantum information processing [32] . Various achievements have been made both theoretically and experimentally in optomechanical systems, for instance, the cooling of the mechanical resonator to its ground state, which paves the way to study the physical effects on the boundary between classical and quantum mechanics [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] , the mechanical oscillations induced by the radiation pressure [48, 49] , electromagnetically induced transparency [50] [51] [52] [53] [54] , entanglement between optical and mechanical modes [55, 56] , optomechanical transducers [57] , normal mode splitting [58] , and coherent optical wavelength conversion [59] [60] [61] [62] [63] [64] [65] . Especially, the nonlinear Kerr effect can also be realized in optomechanical systems [66] [67] [68] , which can be used to engineer nonlinear photonphoton interaction. Thus, the optomechanical systems might also be very important candidates to act as singlephoton devices, e.g., a single-photon router [69] .
It has been theoretically shown that the single-photon phenomena and photon blockade can be realized in optomechanical systems [70] [71] [72] [73] [74] when the single-photon optomechanical coupling strength is much larger than the cavity decay rate. However, in current experimental technology, the optomechanical-coupling induced Kerr nonlinearity is not strong enough to be used for observing such single-photon effect. Several approaches have been proposed for enhancing the photon-photon interaction using coupled optomechanical systems [75, 76] . However, the strong single-photon optomechanical coupling is still a necessary condition for the demonstration of photon blockade. Recent studies showed [77] that particular nonlinear effects are hopeful to be observed in a linear cavity, which is coupled to an optomechanical sys-tem with the weak optomechanical coupling. However, photon blockade is still hard to be observed in optomechanical system. Moreover, this method requires strong coupling between the linear cavity and the optomechanical cavity via spatial proximity. However, individual addressability of each cavity is still an arduous challenge in current experimental technology [78] .
We recently study a method to induce nonlinearity into a linear cavity by coherent feedback control using a circuit QED system as a controller [79, 80] . Motivated by studies [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] and considering progress on quantum coherent feedback methods [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] , we propose an approach to realize an optomechanically-based singlephoton device by replacing the circuit QED system in the coherent feedback approach [80] with a traditional optomechanical system. Such a coherent-feedback strategy can liberate both the linear cavity and the optomechanical system in space and eliminate the slashing requirement on individual addressability or large coupling strength between linear cavity and optomechanical cavity. Moreover, we find that photon blockade phenomenon can be observed even in the weak optomechanical coupling regime for such a design. We will also show that the damping effects of the controlled cavity and the optomechanical controller are actually crucial for achieving photon blockade in such coherent-feedback approach. This is different from other existing photon blockade systems in which the cavity loss always plays a negative role.
In our approach, the output of the controlled cavity is unitarily processed by optomechanical controller, and then the processed output field is fed into the controlled cavity again. Such a coherent-feedback strategy preserves the quantum coherence of the system and also reduces the feedback-induced time delay. In contrast to direct coherent feedback [82] , we use field-mediated coherent feedback [85] [86] [87] method, in which the information flow is uniquely determined by the propagation direction of the quantum field and thus it is easier to be realized in experiments.
The paper is organized as follows. In Sec. II, we briefly summarize the main results of quantum input-output and coherent feedback control theory which are related to our study. In Sec. III, we present the mathematical descriptions of our feedback control system, i.e., a linear cavity coupled to an optomechanical system in the feedback configuration. We introduce both the steady-state equations and the quantum Langevin equations with quantum and thermal fluctuations to model the dynamics of our feedback control system. In Sec. IV, we study the nonlinear effects of the controlled linear cavity induced by the optomechanical system in the semi-classical regime. The nonlinear effects of the controlled cavity, such as optical bistability, are induced by the nonlinear dissipative coupling between the controlled system and the intermediate quantum field. In Sec. V, we studied the statistical properties of photons in both the optomechanical controller and the controlled cavity with two different driving methods in the quantum regime. Our results show that the strong photon blockade effect can be observed even in the weak single-photon optomechanical coupling regime. Feedback-induced photon tunneling processes, especially two-and three-photon tunnelings, are also discussed. Conclusions and perspective discussions are given in Sec. VI.
II. FIELD-MEDIATED COHERENT FEEDBACK
The quantum system with an input field a in and an output field a out can be schematically shown in Fig. 1 . The input field a in can be described by a continuum of harmonic oscillators. Under the Markovian approximation, the Hamiltonian H of the whole system can be given as [94] 
Here, we assume = 1. We also use H sys to denote the Hamiltonian of the quantum system. L = √ γa is the Lindblad operator induced from the system and the bath field, where a (a † ) is the annihilation (creation) operator of the system. The input field a in is defined as
where b(ω) (b † (ω)) is the annihilation (creation) operator of the bath mode with frequency ω satisfying
The system shown in Fig. 1 can also be modelled by a set of parameters G = (S, L, H) [86] . Here, S denotes the scattering matrix, H and L are given in Eq. (1). The (S, L, H) notation can be used conveniently to study the networks of coupled open quantum systems for quantum control analysis and design. The theory of the single quantum system with input and output fields, as shown in Fig. 1 , can be generalized to a Markovian quantum cascaded system as shown in Fig. 2(a) . We assume that the output field of the first system, described by G 1 = (S 1 , L 1 , H 1 ), acts as the input field of the second system, described by
. This coupled cascade system is equivalent to the system, described by [86] with
As shown in Fig. 2(b) , we now focus on another scenario in which the output of the first system G 1 = (S 1 , L 1 , H 1 ) is taken as the input of the second system with G 2 = (S 2 , L 2 , H 2 ), and simultaneously the output of the second system is taken as the input of the first system, by which a coherent-feedback loop is constructed. In Fig. 2 , both the scattering matrices of these two components are identity matrix I, that is, S 1 = S 2 = S = I. Such coherent-feedback system is equivalent to a system in which Fig. 2(c) . The whole feedback system, shown in both Fig. 2(b) and Fig. 2 (c), can be described by
with
III. MODEL AND HAMILTONIAN
As schematically shown in Fig. 3 , we study a linear cavity which is controlled by a standard optomechanical system. The output field of the controlled cavity is coherently fed into the optomechanical controller and then fed back into the controlled cavity again. The controlled cavity can be taken as a transmission line resonator, a toroidal microresonator, a cavity with two mirrors, or a defect cavity in photonic crystal. Without loss of generality and for simplicity, we will focus on the cavity with two mirrors which can support two input channels and two output channels. The dissipation of the controlled cavity via the vacuum fluctuation field a in is described by the Lindblad operator L a = √ κa. a (a † ) is the annihilation (creation) operator of the controlled cavity with the decay rate κ and the frequency ω s . H a = ω s a † a describes the Hamiltonian of the controlled cavity. With the (S, L, H) notation, the controlled cavity can be described by (S, L a , H a ). The output of the controlled cavity is fed into a standard optomechanical system, which serves as a controller to induce and manipulate the nonlinearity of the controlled cavity. The resonant frequency of the cavity of optomechanical system is modulated by the position of a mechanical resonator. A monochromatic coherent light field with the frequency ω d and amplitude ǫ is used to drive the cavity of the optomechanical system. The driven Hamiltonian H c of the optomechanical system is given by 
Afterward, the output of the controller is fed into the controlled system via the dissipation channel L f = √ κ f a to complete the whole coherent feedback loop. With the (S, L, H) notation, the optomechanical controller can be described by (S, √ γc, H c ). The whole coherent feedback system can be described by three cascaded-connected subsystems which have been schematically shown in Fig. 2(b) . Thus, the cascade system, with the first (G 1 = (I, √ κa, ω s a † a)), the second (G 2 = (I, √ γc, H c )), and, the third (
In the rotating reference frame with unitary transformation
, the Hamiltonian in Eq. (11) becomes
where ∆ s = ω s − ω d and ∆ c = ω c − ω d are the detuning frequencies.
Using the input-output theory, the dynamics of the whole system is described by the quantum Langevin equation(QLEs) [79, 80, 93] 
where γ m is the damping rate of the mechanical resonator. b in denotes the thermal noise acting on the mechanical resonator which satisfies the Markovian correlation relation
The mean thermal occupation number of b in can be calculated by n th = [exp(ω m /k B T ) − 1] −1 . We also assume that the vacuum fluctuation a in satisfies
where the frequency of the controlled cavity is assumed to be much higher than that of the mechanical resonator, thus the temperature effect on the cavity field has been neglected. Using the mean field approximation, the time evolutions of the mean values of each operator can be given as:
IV. COHERENT FEEDBACK INDUCED OPTICAL BISTABILITY
It is known that the bistability can be found in the standard optomechanical system [67] . Let us now first study how the optical nonlinear behavior in the controlled linear cavity can be induced by a standard optomechanical system using coherent feedback method. In other words, we study how the optical nonlinearity in optomechanical system can be manipulated and transferred to a linear cavity by using coherent feedback. By solving Eqs. (18) (19) (20) with ȧ s = ḃ s = ċ s = 0, we can obtain the steady-state values
of the cavity fields and mechanical resonator. Here, A 0 = a s , B 0 = b s , and C 0 = c s denote the steady state values of the average a , b and c . Using Eqs. (21-23), we can obtain a third-order polynomial root equation for the normalized mean photon number in the cavity of the optomechanical system
Compare Eq. (24) with that in Ref. [67] , we find that Eq. (24) has the same form as that in Ref. [67] when x = 0.5. Moreover, the coefficient y has also been changed by the feedback control. Here, we have used the condition Q m = ω m /γ m ≫ 1 and introduced several dimensionless parameters 2 (f )
FIG. 4: (Color online)
Optical bistability in the semiclassical regime. Typical curves for the mean-field cavity occupation kn as a function of the dimensionless driving power z (a,b), the detuning parameter y (c,d) and the detuning parameter x (e,f). We show the mean-field occupation kn as a function of driving power z for fixed detuning y and the detuning parameter x of cavity A was set to 0.5 in (a) and 0 in (b). We show the mean-field occupation kn as a function of detuning y for fixed driving power z. The detuning parameter x was set to 0.5 in (c) and 0 in (d). We also show the mean-field occupation kn as a function of driving power z for fixed detuning y and detuning parameter x1 = 0, x2 = 0.25, x3 = 0.5 in (e), and kn as a function of detuning parameter y for fixed driving power z and detuning parameter x1 = 0, x2 = 0.25, x3 = 0.5 in (f).
It can be found that k characterizes the optical nonlinearity induced by the mechanical resonator, and the parameters x and y are determined by the detuning frequencies ∆ c and ∆ s when all of decay rates are fixed. z is called the normalized power of the driving field and n is the mean photon number inside the cavity of the optomechanical system. We can also find that the mean photon number n A = |A 0 | 2 of the controlled cavity can be given by
which shows that the mean photon number n A of the controlled cavity is proportional to the mean photon number n of the controller cavity. Without loss of generality, we assume that K = 1 for the following discussions such that both n A and n simply satisfy Eq. (24), which can have either one or three roots, depending on the dimensionless parameters x, y and z.
In fact, when Eq. (24) is solved, three real roots can be found only if: (i) the parameters y and z are larger than threshold valuesỹ andz for given parameter x, that is,
and (ii) the parameter z must be in the region z − (y) < z < z + (y) with
The first externally controllable parameter, that can be used to control the bistability behavior, is the normalized driving power z. In Fig. 4(a) , we show the normalized mean photon number kn as a function of z for x = 0.5, corresponding to the threshold valueỹ = √ 3/2, and three different parameters y 1 = 0.8 < √ 3/2, y 2 = 1.2 > √ 3/2 and y 3 = 1.7 > √ 3/2, respectively. Fig. 4 (a) clearly shows that the optical bistability cannot be observed when y 1 < √ 3/2 in contrast that the bistability can be observed when y 2 , y 3 > √ 3/2. From Eq. (30) and Eq. (26), we can find that the threshold valueỹ is originated from the parameter x which can be tuned from 0 to 0.5 by changing the frequency detuning ∆ s . In Fig.4(b) , we show kn as a function of z for x = 0, corresponding to the threshold valueỹ = 0, and three different values of y as before. Under this condition, we find that the optical bistability phenomenon can be observed with the increase of z for arbitrary value of y with y > 0.
The second important externally controllable parameter, which can be used to control the bistability behavior, is y when x is given. In Fig. 4(c) we plot the normalized mean-photon number kn as a function of detuning y for x = 0.5, corresponding to the threshold valuez = 1/6 √ 3, and three different values z 1 = 0.09 < 1/6 √ 3 =z, z 2 = 0.2 > 1/6 √ 3, and z 3 = 0.3 > 1/6 √ 3, respectively. Fig. 4(c) shows that the optical bistability phenomenon cannot be observed for z <z in contrast to the case z >z. Eq. (30) and Eq. (31) show that the threshold valuez is proportional to the detuning parameter x. This means that the threshold valuez can be reduced to zero when x = 0. In Fig. 4(d) , the normalized photon number kn is plotted as a function of y for x = 0, corresponding to the threshold valuez = 0 of z, and three different parameters z 1 , z 2 and z 3 of the parameter z. Fig. 4(d) shows that the optical bistability phenomenon can be observed with the increase of y for arbitrary value of z with z > 0.
We now study how the parameter x affects the bistability. In Fig. 4(e Fig. 4(e) . Similar to Fig. 4(e) , we find that kn curve exhibits bistable behavior for x 1 , corresponding toz = 0, and x 2 , corresponding toz = 0.012. However, we cannot find bistable behavior for kn curve with the parameter x 3 corresponding toz = 0.096.
According to above discussions, we can conclude that the nonlinear behavior in the optomechanical system can be transferred to the linear cavity resonator and controlled by using coherent feedback loop. The controlled bistability phenomena can be realized by adjusting the power and the frequency of externally applied driving field. In contrast to the bistability of optomechanical system [67] and by comparing Fig. 4(a) with Fig. 4(b) , or comparing Fig. 4(c) with Fig. 4(d) , we find that the threshold value of the bistable behavior can be reduced to zero even in the optomechanical system when the coherent feedback control is introduced.
V. COHERENT FEEDBACK INDUCED PHOTON BLOCKADE
We now turn to consider the case that the external driving field is weak enough and both cavity fields are in the quantum regime. We will study the single-photon blockade effect in the linear cavity induced by the coherent feedback control using an optomechanical system as a controller. The evolution of the coherent-feedback controlled system, comprised of the linear cavity and the optomechanical system, is described by the Hamiltonian of Eq. (11). In the rotating reference frame at the frequency ω d of the driving field and under the Born-Markov approximation, the time evolution of the whole system is described by a Lindblad-type master equation [94, 95] 
withL
Here, we assume that the mechanical resonator and the cavity fields are in the zero-temperature environment for the convenience of calculations. The steady-state density operator ρ ss can be obtained by setting dρ/dt = L(ρ) = 0, and then the normalized equal-time secondorder correlation functions for both cavity fields in the steady-state case can be calculated by
Here, the subscripts a and c denote the cavity fields inside the controlled cavity and the cavity of the optomechanical system. Below, we will study the single-photon blockade effect in the linear cavity using Eq. (36). The single-photon blockade effect in the cavity of the optomechanical system can also be studied in a similar way.
A. Photon blockade in optomechanical single-photon strong-coupling regime
We now consider the statistical properties of photons when the optomechanical system is assumed to be in single-photon strong-coupling regime. For comparison, the second-order correlation functions g 
Eq. (38) shows that the mechanical mode can be decoupled from the optical modes when all terms of parameter g 0 /ω m are neglected, thus let us assume that the state of the whole system is |ψ = |ϕ |φ m where |ϕ denotes the photon states of both cavity fields and |φ m denotes the phonon states. Under the weak-driving condition, i.e. ǫ/γ → 0, we can describe the photon states as
where |n a and |n c are the photon states of the controlled cavity and the cavity of optomechanical controller, respectively. It is obvious that C 00 ≫ C 01 , C 10 ≫ C 11 , C 20 , C 02 under the weak driving condition ǫ/γ → 0. From Eq. (36), we can find
. (40) in the steady-state. Here, P na represents the probability of n a photons distribution which can be expressed as
which means P na ≫ P na+1 for n a ≥ 2.
To obtain the steady-state solution, we phenomenologically introduce the non-Hermitian complex Hamiltonian by setting the parameters as
in the Hamiltonian (38) . Thus, under weak driving limit that the probabilities for more than three photon can be neglected, the second-order correlation function g
a (0) can be expressed as [80] 
Without loss of generality, we consider ∆ s = ∆ c = ∆ which means that the controller cavity and the controlled cavity resonator are resonate with each other, thus the analytical solution of g (2) a (0) is simplified to
From Eq. (46) we can find that when the decay rates γ and κ a are far less than the cavity detuning frequency ∆ and the Kerr nonlinear coefficient χ, the second-order correlation function g (2) a (0) becomes far less than one at the point of ∆/χ = 1. This means that the photon blockade occurs. In the following, we numerically study two very different parameter regions: (i) κ = κ f = γ and g ∼ ω m which are not easy to be achieved for current experiments; (ii) κ = κ f ≫ γ and g ≪ ω m which are possible experimentally.
The second-order correlation function g (2) a (0), calculated by master equation and analytical solution, as a function of ∆/χ is shown in Fig. 5(a) for κ = κ f = γ and g 0 ∼ ω m /3. We find that the results obtained by numerical calculations and approximated solutions are almost same. Figure 5(a) shows that there is a minimum value at ∆/χ = 1 with g (2) a (0) ≪ 1, which means that the photon blockade occurs and the single-photon can come out of the controlled cavity one by one. Figure 5 (a) also shows that there is a maximum value at ∆/χ = 2 with g (2) a (0) ≫ 1, which means that the two-photon tunneling occurs and photons can come out of the controlled cavity in pairs. These characteristics have been shown [70] [71] [72] in the standard optomechanical systems. However, the strong photon blockade and two-photon tunneling studied here are found in the controlled linear cavity, which is due to the coherent-feedback through the nonlinear quantum controller. This can be verified through g (2) c (0), shown in Fig. 5(b) , of the cavity field of the optomechanical system. We find a minimum value at ∆/χ = 1 corresponding to g (2) c (0) ≪ 1 and a maximum value at ∆/χ = 2 corresponding to g (2) c (0) ≫ 1. Thus, we would like to say that the photon blockade in the controller cavity is transferred to the controlled cavity by the coherent feedback loop. To answer the question wether the different driving strategy, such as driving the controlled cavity in contrast to driving controller cavity, can result in different optical nonlinear behavior, g (2) c (0) for driving the controlled cavity is numerically studied and shown in Fig. 5(b) , we find that there is no significant difference under these two different driving ways by given other parameters.
Let us now study another parameter regions, e.g., κ = κ f = 10γ and g 0 = ω m /40. The second-order corre- 
a (0) of controlled cavity field and g
c (0) of optomechanical cavity field versus detuning parameter ∆/χ by driving the controlled cavity in (a) or driving the controller cavity in (b). The system parameters for this simulation are: κ = 10γ, κ f = 10γ, g0 = 2.5γ, ωm = 100γ, γm = 0.01γ, ǫ = 0.01γ, γ/2π = 1 MHz.
lation functions of controlled cavity field and controller cavity field versus ∆/χ by driving the controlled cavity are shown in Fig. 6(a) . We find that there exists a local minimum at ∆/χ = 1, a local maximum at ∆/χ = 2 and another local maximum at ∆/χ = 3 for each curve. The minimum value corresponding to g (2) a (0) ≪ 1 and g (2) c (0) ≪ 1 means that the photons in the controlled cavity and controller cavity can be blockaded. The first local maximum at ∆/χ = 2 corresponding to g (2) a (0) ≫ 1 and g (2) c (0) ≫ 1 means that the single-photon transition from ground state to the first excited state is suppressed and second photon can enter the driven cavity making resonant transition from ground state to second excited state with the first photon. The second local maximum value at ∆/χ = 3 corresponding to g (2) a (0) ≫ 1 and g (2) c (0) ≫ 1 means that the three-photon resonant excitation happens and three-photon tunneling can be observed.
The second-order correlation functions of controlled cavity field and controller cavity field versus ∆/χ by driving the controller cavity are shown in Fig. 6(b) . In contrast to the case that the controlled cavity is driven, we find that there exist a global minimum point at ∆/χ = 1, a local minimum at ∆/χ = 2 and local maximum at ∆/χ = 3 for each curve. The global minimum corresponding to g (2) a (0) ≪ 1 and g (2) c (0) ≪ 1 means that the photons in controlled cavity and controller cavity can be blockaded. The local minimum at ∆/χ = 2 corresponding to g (2) a (0) < 1 and g (2) c (0) < 1 means that the twophoton tunneling is suppressed and photon blockade happens. The local maximum at ∆/χ = 3 corresponding to g (2) a (0) ≫ 1 and g (2) c (0) ≫ 1 means that the three-photon tunneling can be observed.
Comparing Fig. 6(a) with Fig. 6(b) , and also in contrast to Fig. 5 , we find that the second-order correlation functions present different behaviors for the different driving strategies in the region around the point ∆/χ = 2 under the condition κ = κ a ≫ γ. This difference comes from the unbalanced input-output rates of controlled cavity and controller cavity. When the driving field is applied to the controlled cavity and under the two-photon resonant driving(∆/χ = 2), due to the output rate κ is much larger than the input rate γ, the first photon in controlled cavity transports to the controller cavity rapidly. Simultaneously, due to the output rates γ is much less than the input rates κ f , the second photon has entered into the the controlled cavity before the first photon comes back. Therefore, at last the two-photon tunneling can be observed when the second photon meets the first one. However, When the driving field is applied to the controller cavity and under the two-photon resonant driving(∆/χ = 2), due to the output rate γ is much less than the input rate κ f , the first photon entering controller cavity cannot be transported to controlled cavity before the second photon is coming. Cooperated with the optomechanical nonlinearity, the first photon in the controller cavity prevents the second one from entering cavity and then the photon blockade occurs.
Comparing Fig. 5 with Fig. 6 , we would like to mention that single-photon blockade can be more easily observed when the coherent-coupling strength √ κγ and √ κ f γ are enhanced no matter the driving is applied to controlled cavity or controller cavity. This is equivalent to enhance the coupling strength between two cavities for controlled system and optomechanical controller [77] . 
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a (0) of linear cavity resonator and g Let us now study the possibility on the photon blockade using coherent feedback control strategy in a weak single-photon optomechanical coupling regime, e.g., g 0 = 0.3γ. We focus on the statistical properties of photons. The second-order correlation function of controlled cavity field and controller cavity field versus ∆/χ are studied when the driving field is applied to the controller cavity.
As shown in Fig. 7(a) , we can find that there exists a minimum near the point ∆/χ = 1 corresponding to g (2) a (0) ≪ 1 and a maximum near the point ∆/χ = 2 corresponding to g (2) a (0) ≫ 1. This means that the photons in controlled cavity can exhibit strong blockade and two-photon tunneling when it is coherently feedback controlled by a optomechanical controller even in weak optomechanical coupling. Fig. 7 (a) also clearly shows that the curve of g (2) a (0) fits well with the curve of g (2) c (0) as well as which has been shown in Fig. 6 . This is easily understood, because the controller cavity and the controlled cavity are coherently coupled with each other through the closed feedback loop with explicit photon flow direction, which is naturally determined by the propagation of the quantum field. Thus, if photon blockade (tunneling) occurs in the controller cavity, then the photons from the controller cavity are output one by one (two by two), and enter the controlled cavity, and vice versa. Fig. 7(a) , the second correlation functions g (2) a (0) and g (2) c (0) versus ∆/χ are shown in Fig. 7(b) when the driving field is applied to the controlled cavity. Similar to the case for driving the controller cavity, a minimum near the point ∆/χ = 1 corresponding to g (2) a (0), g (2) c (0) ≪ 1 and a maximum near the point ∆/χ = 2 corresponding to g (2) a (0), g (2) c (0) ≫ 1 can be found. The only difference is that the minimum (maximum) value for driving controlled cavity is smaller (bigger) than that for driving controller cavity. That is, the photon blockade (tunneling) is better in driving controlled cavity than that for driving the controller cavity with the same parameters. We would also like to mention that single-photon blockade can be more easily observed when coherent-coupling strength g 0 is enhanced no matter the driving is applied to contolled cavity or controller cavity.
Similar to
The strong photon blockade under weak optomechanical coupling comes from the cooperation between the weak Kerr nonlinearity in controller cavity induced by optomechanical interaction and the destructive interference for different paths of two-photon excitation process [96, 97] . In order to better understand the interference process, two different paths for two-photon excitations are shown in Fig. 8 . The first path is direct excitation from one photon to two photons in the driven cavity(|00 → |20 ). The second path is one photon coherently passed to the other one and finally comes back to the driven cavity(|00 → |10 → |01 → |11 → |20 ) which is unidirectional and uniquely determined by the propagation direction of quantum field. √ κγ and √ κ f γ can be considered as effective coupling strength between these two cavities, which is the key to induce destructive interference. It is obviously that the cavities' losses play a crucial role for achieving such destructive interference in contrast to other photon blockade systems introduced so far in which the cavities' losses always play a negative role.
We finally emphasize that the destructive interference due to the coherent feedback control is unidirectional determined by the propagation direction of the quantum field which is easier to be realized and controlled in contrast to that due to a cavity directly coupled to an optomechanical system [96, 97] . The cavity directly coupled scheme requires both individual addressability of each cavity and large coupling strength between each other through spatial proximity which is still a huge challenge [78] . However, in our proposed scheme, such two cavities are spatially separated by each other and directly coupling is replaced by coherent-feedback control which liberates such two cavities in space and eliminates the slashing requirement about challenging individual addressability and large coupling strength. Different from the single driving way by applying the driving field to the linear cavity in coupled-cavities scheme, our scheme can support another driving way, e.g., driving the controller cavity, which can also present strong photon blockade effect even in the optomechanical single-photon weakcoupling regime. Another significant difference is that both the controlled linear cavity and optomechanical controller cavity can emerge photon blockade simultaneously in contrast to the situation that only the linear cavity can emerge photon blockade and optomechanical system can not in coupled-cavity scheme.
VI. CONCLUSION
In summary, we have studied a system in which a linear cavity is coherently controlled by an optomechanical system through a closed feedback loop. The linear dynamics of the controlled cavity is nonlinearized by the optomechanical controller via the so-called feedback nonlinearization. The nonlinear controller using optomechanical systems and the coherent-feedback loop are the core of this strategy. Such coherent-feedback strategy can both liberates the controlled cavity and the optomechanical system in space and eliminates the slashing requirement about individual addressability or large coupling strength to achieve strong photon blockade in optomechanical weak-coupling regime. Moreover, we find that the coherent feedback control induced nonlinearity can be used to demonstrate some other interesting nonlinear optical phenomena.
In the semiclassical regime, we found that optical bistability phenomenon in the controller cavity induced by the optomechanical interaction can be transferred to the controlled linear cavity through coherent feedback control. In particular, we found that the threshold value of the bistability can be significantly suppressed to zero through the coherent feedback control in contrast to finite threshold value of the bistability in pure optomechanical systems [67] .
In the quantum regime, we study the statistical properties of photons of the controller cavity field and the controlled cavity field with two different driving strategies. We found that photon blockade both in the controller cavity and the controlled cavity is very similar under such two different driving methods when the output damping rates of the controlled cavity is comparable to those of the controller cavity. However, this similar effect can be broken when the output damping rates of the controlled cavity are much bigger than those of the controller cavity. Particularly, quite opposite quantum nonlinear behaviors, e.g., tunneling and blockade, are discussed in the region around the point ∆/χ = 2. Photon blockade can be observed when the coherent-coupling strengths √ κγ and √ κ f γ are enhanced no matter the driving is applied to controlled cavity or the controller cavity. Moreover, photon blockade can still happen even in the weak optomechanical coupling regime due to the destructive quantum interference induced by coherent feedback control. It is worth noting that the cavities's losses are actually crucial for achieving photon blockade in such coherent-feedback approach in contrast to photon blockade systems introduced so far in which the cavities' losses always play a negative role.
We hope that our study can provide a controllable way to engineer strong quantum nonlinearity, such as the control of photon transmission through a linear cavity by using a optomechanical controller, achieving strong photon blockade under weak optomechanical coupling condition and serving as single-photon devices. We also hope that such proposed design can have potential applications in quantum state engineering, quantum computing and quantum communication.
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